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1 Introduction. Objective

Observations

Models

t

System identification 
method

yt

zt+1 =  A zt + K et State transition equation
yt =  C zt +    et Observation equation

( Im + Ф1 L + … + Фp Lp )  yt =  et

Vector Auto-Regressive (VAR)

State Space (SS)

( Im + A1 L + … + Ap Lp )  yt =  ( Im + B1 L + … + Bq Lq ) et

Forecasting



Motivation

VAR vs. VARMA 

•Involved ML estimation 
(iterative)
•Difficult specification
•Parsimonious

State Space with subspace methods

•One-step ML estimation 
(Least Squares)
•Simple specification
•“Not as general” (finite order)

•One-step estimation (can be “refined”)
•The simplest specification
•Equivalent to VARMA



Methodology: Subspace Methods
Orthogonal-projection-
based linear forecast ≈

State-based linear 
forecast
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2.1 ARMA(1,1): Forecasting

ARMA
DGP

T 10

AR model (ML, AIC)

SS model (CCA) MSPESS-CCA

MSPEAR-LS

X 1000

MSPESS-CCA

MSPEAR-LS

yt - φ yt-1 =  et + θ et-1
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Red: regression line

yt - φ yt-1 =  et + θ et-1



2.1 ARMA(1,1): Forecasting

θ
T 0 0.5 0.9

50 1.02 1.01 0.94

100 1.01 0.99 0.90

200 1.00 1.00 0.92

500 1.00 1.00 0.95

Table 2. Slopes of the regressions of MSPESS-CCA on MSPEAR-LS
calculated in a 1000-replicate series of DGP1 with φ = .9



2.1 ARMA(1,1): Forecasting

Table 3. Number of samples in which MSPESS-CCA < MSPEAR-LS , plus half 
the number of samples in which MSPESS-CCA = MSPEAR-LS, out of a 1000-
replicate series. Significant values for a binomial test (H0 : P(MSPESS-CCA < 
MSPEAR-LS) = P(MSPEAR-LS < MSPESS-CCA); α < 0.01, two-sided test) are 
shown in bold.

θ

T 0 0.5 0.9

50 370.5 472 575

100 420.5 514 653

200 447.5 544.5 677

500 421 512 644

P(459 ≤ x ≤ 541) = 0.991

P(x out of N) = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
x
N (½)x (1- ½ )N-x

Binomial test



2.1 ARMA(1,1): Forecasting

θ

T 0 0.5 0.9

50 2% 3% -3%

100 1% 0% -7%

200 0% 0% -7%

500 0% 0% -4% -10,35-1,002,60500

-13,240,351,87200

-12,000,554,95100

-3,794,316,0150

0.90.50T

θ

Table 4. Left: total increase in MSPESS-CCA with respect to MSPEAR-LS out of a 
1000-replicate series of DGP1 with φ = .9. Right: corresponding values of the 
statistic S. Significant values (α = 0.01) are shown in bold.

di = (MSPESS-CCA - MSPEAR-LS)i

S = 
)( i

i

dstd
d

N
MSPESS-CCA - MSPEAR-LS

MSPEAR-LS



2.1 ARMA(1,1): Forecasting

θ

T 0 0.5 0.9

50 1% -5% -17%

100 0% -3% -13%

200 0% -2% -9%

500 0% -1% -5% -1%-1%0%500

-2%-2%0%200

-6%-3%-1%100

-14%-7%-1%50

0.90.50T

θ

-1%-1%0%500

-1%-2%0%200

-2%-2%-1%100

-4%-3%0%50

0.90.50T

θ

MSPEARMA11-ML vs. MSPEAR-LS MSPEARMA11-ML vs. MSPESS-CCA

0%0%0%500

0%0%0%200

0%0%0%100

1%1%0%50

0.90.50T

θ
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2.2 cointegrated VARMA: Forecasting

y2,t =  γ + β y1,t + (1 + θ2 L) e2,t

∆ y1,t = (1 + θ1 L) e1,t
Johansen’s VEC models

SS CCA models
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2.2 Cointegrated VARMA: Forecasting

y1 y2

θ1 θ2 T=100 200 400 800 T=100 200 400 800

0.5 0.5 10% 4% 2% 1% 11% 4% 2% 1%

0.9 6% 3% 0% 0% -1% -1% -2% -1%

0.9 0.5 -3% -4% -5% -3% 3% 0% -2% -2%

0.9 -2% -5% -4% -3% -2% -5% -4% -3%

Table. Total increase in MSPECCA with respect to MSPEVEC out of a 1000-
replicate series of DGP2 with β = 1, σ = 1 and ρ = .8.
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3. Conclusions
Do SS-CCA models provide better forecasts than VAR models when 
forecasting processes with large MA components in their VARMA 
representation?

Yes, in the univariate case

Our simulations indicate:

Not an easy answer in the multivariate case (several MA 
components and several series to forecast), though in 
general large MA components seem to favour the SS 
models compared with the VAR models

But small sample sizes (≈ 50 univariate, 100 bivariate) 
damage the performance of subspace algorithms more 
than the performance of VAR (LS) models

Subspace SS models are quick and easy to obtain, and 
different to VARs-> Good complements or alternatives
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Methodology: PEM

εt(θ) = yt - ŷt(θ)

t
yt M(θ) ŷt(θ)

VT(θ, YT) = ∑
=

T

t
tf

T 1
))((1 θε

θ

YT

(Loss function for θ )

Quadratic criterion for f (·) 

Quadratic criterion for f (·) 

Least Squares Estimates 

plus Gaussian zero-mean white noise innovations 
ML Estimates 



Methodology: Subspace Methods

yt
f / yt-1

p

Orthogonal projection
based linear forecast ≈

State-based linear 
forecast

E(yt
f yt-1

p)E(yt-1
p yt-1

p)-1 yt-1
p

C
C A

C Af-1

z t|t-1

...
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...yt
f =

yt-1
yt-2

yt-p

...yt-1
p =



Index

1 Introduction

2 Methodology

3 Simulated Experiments

4 Practical application

5 Conclusions



3.1 ARMA(1,1): Recovering the system parameters

yt - φ yt-1 =  et + θ et-1

DGP1 (data)

ARMA (1,1), ML SS(1), CCA
zt+1 =  a zt + k et
yt =  c zt +    et

yt - a yt-1 =  et + (c·k – a) et-1

yt - φ yt-1 =  et + θ et-1

φ θ



3.1 ARMA(1,1): Recovering the system parameters

Table 1. Average bias and standard error for the estimates of φ
according to the ARMA(1,1)_ML and SS(1)_CCA procedures, 
calculated in a 1000-replicate series of DGP1 with θ = .9

  Average Bias × 1000 Standard error × 1000 
φ T ARMA_ML SS_CCA ARMA_ML SS_CCA 

0.5 50 -21 -3 136 160
 100 -12 1 97 97
 200 -6 2 66 67
 500 -2 2 44 43

0.9 50 -37 -55 82 146
 100 -16 -14 50 50
 200 -10 -9 36 37
 500 -4 -3 21 21
1 50 -32 -62 59 164
 100 -18 -17 31 31
 200 -8 -8 15 15
 500 -3 -3 6 6

φ = .5 φ = .9 φ = 1 
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3.1 ARMA(1,1): Recovering the system parameters
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4. Practical case
4,805 crude oil daily prices between January 1986 and March 
2005, as well as the corresponding “oil future contract” prices

 

Jan 1986 March 2005
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y1 = log(spot), y2 = log(future).



4. Practical case
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For both series, if we assume no deterministic trend, the augmented 
Dickey-Fuller test with 1 lag (this number of lags was selected to 
eliminate correlation in the residuals), as well as the Philips-Perron test, 
do not reject the null of a unit root at the 5% level



4. Practical case



4. Practical case
One-step-ahead 
forecasts

From 1000 
observations

Recalculating the models 
(VEC, CCA)



4. Practical case
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4. Practical case



4. Practical case
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4. Practical case
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If we just take a window with the last two weeks to estimate the
(changing) variance …
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